We study indigenous bundles in characteristic p > 0 with nilpotent p-curvature, and show that they corresponds to simpler objects which we call deformation data. We consider the existence problem of a certain class of deformation data, which arise from the reduction of Belyi maps from characteristic zero to characteristic p.
Introduction

1.1
Let p be an odd prime and k an algebraic closure of the prime field F p . The Hasse polynomial is defined as
The following three statements are classical facts.
(a) An element λ 0 ∈ k is a zero of u if and only if the elliptic curve with Legendre equation
is supersingular.
(b) The polynomial u is a solution of the Gauss hypergeometric differential equation
(c) The differential form
, where
is logarithmic, i.e. can be written as ω = df f for a rational function f ∈ k(λ, z).
The link between (a) and (b) is the fact that the Gauss hypergeometric equation is the second order differential equation naturally associated to the Gauss-Manin connection on the de Rham cohomology of the Legendre family E λ → U := P 1 − {0, 1, ∞}. Statement (c) is somewhat less well known than (a) and (b). Its relation to the Legendre family is the following. Let U ord ⊂ U denote the complement of the supersingular points. On U ord we have an exact sequence of finite flat group schemes killed by p
After anétale base change U ′ → U ord , we can choose isomorphisms E λ [p] loc ∼ = µ p and E λ [p] et ∼ = Z/p. Then the set of sections Z/p → E λ [p] of the above sequence, which we consider as a sheaf on the fppf-topology of U ′ , is represented by a µ p -torsor V → U ′ . It is well known that such a µ p -torsor gives rise to a logarithmic differential ω on U ′ . Indeed, if V → U ′ is locally given by a Kummer equation w p = f then ω := df /f . It can be shown that we may take for U ′ theétale cover of U ord given by the equation z (p−1)/2 = u, and then ω is the differential form defined in (c) (up to a factor in F × p ). The pair (Z, ω) in (c) is an example of a special deformation datum. Such objects naturally arise in the study of the reduction of three point covers (or Belyi maps) to characteristic p ( [10] ). The main objective of the present paper is to associate to every special deformation datum a certain differential equation, generalizing the correspondence between (b) and (c) above. We also use this result to construct new examples of special deformation data.
1.2
Let X be a smooth projective curve over an algebraically closed field k of characteristic p > 2. A deformation datum over X is a pair (Z, ω) where Z → X is a tamely ramified Galois cover and ω is a rational differential form on Z such that the following holds (1) the Galois group H := Gal(Z/X) acts on ω via an injective character χ : H ֒→ F × p , and (2) ω is logarithmic. One can also interpret (Z, ω) as a certain equivalence class of finite and flat group schemes G → U of degree p 2 , defined over an open subset U ⊂ Z, whose geometric fibers are extensions of Z/p by µ p . To each deformation datum (Z, ω) we associate a certain (unordered) tuple σ = (σ 1 , . . . , σ r ) of rational numbers, called the signature of (Z, ω).
In Section 4 of this paper we associate to every deformation datum (Z, ω) over X the equivalence class of a certain flat vector bundle of rank two (E, ∇) on X, with at most regular singularities. (The equivalence class corresponds to the associated projective bundle P(E), together with its induced connection.) In the example discussed in Section 1.1 above, the restriction of E to U = P 1 −{0, 1, ∞} can be identified with the de Rham cohomology module H 1 dR (E λ /U ) of the Legendre family; then ∇ is the Gauss-Manin connection. In the general case, we show that (E, ∇) is an indigenous bundle in the sense of Mochizuki, see [7] , [8] . Moreover, (E, ∇) has nilpotent and nonvanishing p-curvature. Conversely, we show that every indigenous bundle with nonvanishing and nilpotent p-curvature comes from a deformation datum (Z, ω).
The correspondence between indigenous bundles with nilpotent p-curvature and deformation data is implicit in Mochizuki's work. Tracing back the definitions carefully, one sees that (E, ∇) is essentially the Dieudonné module of the group scheme G → U associated to (Z, ω). Our construction is more direct and explicit. In a special case, this result is already contained in work of Ihara ([5] ).
1.3
Now suppose that k =F p and X = P 1 k . A deformation datum (Z, ω) is called special if its signature satisfies a certain numerical condition, see Definition 5.7. This condition ensures that (Z, ω) is rigid, i.e. does not admit any nontrivial deformations. Special deformation data are interesting objects because they are related to Belyi maps with bad reduction to characteristic p. Consider, for instance, the Belyi map λ : X(2p) → X(2) = P 1 between the modular curves of level 2p and 2 (we identify the latter with P 1 via the classical λ-function). This cover has a natural model over the field Q(ζ p ) which has bad reduction to characteristic p. In a very precise sense, the structure of the special fiber of the stable model of the cover (which exists over some finite extension of Z p [ζ p ]) is controlled by the special deformation datum (Z, ω) discussed in 1.1.(c) above. This can of course be explained by 1.1.(a) and the fact that modular curves are moduli spaces for elliptic curves with level structure.
More generally, let f : Y → P 1 be a Belyi map which is Galois and has Galois group SL 2 (p) or PSL 2 (p). If f has bad reduction to characteristic p, then one can show that the special deformation datum (Z, ω) controlling its bad reduction is related to a certain hypergeometric differential equation. Moreover, one can say precisely which of these Belyi maps have bad reduction at p and which hypergeometric equation they give rise to ( [3] ).
It would be very interesting to have a more explicit understanding of the relation between Belyi maps with bad reduction at p and their associated special deformation data. Except for the 'hypergeometric case' mentioned above, this is at present a total mystery. Note that there is a purely combinatorial recipe to enumerate all Belyi maps of a given degree. On the other hand, the corresponding problem of finding all special deformation data with given signature leads to a system of polynomial equations over F p with finitely many solutions. It seems difficult to analyze these equations directly.
In many cases, one can reduce the complexity of these equations considerably, as follows. By the results mentioned above, every deformation datum (Z, ω) corresponds to a certain indigenous bundle (E, ∇). Since we are on X = P 1 , (E, ∇) corresponds essentially to a second order differential equation
with regular singularities. The fact that (E, ∇) has nilpotent and nonvanishing p-curvature means that this equation has an essentially unique algebraic solution. Now, in order to write down the deformation datum (Z, ω), it suffices to write down the equation (1) and a (suitably normalized) solution u ∈ k[t]. Thus, a special deformation datum corresponds to a solution of a certain accessary parameter problem. The number of accessary parameters tend to be much smaller than the number of variables in the original system of equations. This can be illustrated by the example discussed in Section 1.1. Namely, the condition that the differential ω in 1.1.(c) is logarithmic gives (p − 1)/2 equations in the (p − 1)/2 coefficients of the polynomial u. These equations have a unique solution, corresponding to the Hasse polynomial, which is a solution of a differential equation depending on zero accessary parameters.
2 Indigenous bundles
2.1
The following notation will be fixed throughout this paper. Let k be an algebraically closed field and X a smooth projective connected curve of genus g over k. We fix r ≥ 0 pairwise distinct closed points x 1 , . . . , x r ∈ X, which we call marked points. We assume that 2g − 2 + r > 0. We denote by Ω log X/k = Ω X/k ( x i ) the sheaf of differential 1-forms on X with at most simple poles in the marked points and τ
e. the sheaf of vector fields on X with at least simple zeros in the marked points.
A flat vector bundle is a vector bundle E on X together with a connection ∇ : E → E ⊗ Ω log X/k . This means that the connection has regular singularities at the marked points. Two flat vector bundles E and E ′ are called equivalent if there exists a flat line bundle L and a horizontal isomorphism
2.2
Let (E, ∇) be a flat vector bundle on X of rank two. For i = 1, .., r, we define the monodromy operator µ i as an endomorphism of the fiber E| xi of E at x i , as follows. Let t be a local parameter at x i . Then ∇(t∂/∂t) defines a k-linear endomorphism of the stalk E xi of E at x i which fixes the submodule m xi ·E xi . Here m xi denotes the maximal ideal of the local ring O X,xi . Therefore, ∇(t∂/∂t) induces a k-linear endomorphism µ i of the fiber E| xi = E xi /m xi· E xi . One checks easily that µ i does not depend on the choice of the parameter t.
Let α i , β i be the two eigenvalues of µ i . We call α i , β i the local exponents of ∇ at x i . We distinguish two cases. If µ i is not semisimple, then α i = β i and
If this is the case then we say that ∇ has logarithmic monodromy at x i . If µ i Remark 2.3 In [7] , indigenous bundles are required to have logarithmic monodromy at the marked points and to have trivial determinant. What we call here an indigenous bundle is a flat vector bundle whose associated projective bundle is torally indigenous, in the sense of [8] , §I.4.
3 Indigenous bundles in characteristic p
3.1
From now on, we assume that our base field k has odd, positive characteristic p. We set T :
⊗p . This is a line bundle on X of degree Let (E, ∇) be a flat vector bundle on X. The p-curvature of (E, ∇) is an
This is a K-linear endomorphism of E. One shows that the rule D ⊗p → Ψ(D ⊗p ) extends in a unique way to the desired O X -linear map Ψ E ([6], 5.0.1).
It is important to notice that the p-curvature is horizontal in the sense that it commutes with the canonical connections on T and End OX (E). Indeed, by the definitions of these connections, the claim that Ψ E is horizontal is equivalent to the fact that the endomorphisms Ψ E (D ⊗p ) and ∇(D) of E commute. This is easy to check, see also [6] , 5.2.2.
(ii) nilpotent if the image of Ψ E consists of nilpotent endomorphisms, (iii) admissible if Ψ E is nonzero at every point x ∈ X, except possibly for a marked point x = x i .
If (E, ∇) is active, a point x ∈ X where Ψ E vanishes is called a spike. We write n x := ord x (Ψ E ) for the order of vanishing of Ψ E at x and say that x is a spike of order n x .
3.2
Let us, from now on, assume that (E, ∇) is active and nilpotent. Let M ⊂ E be the kernel of Ψ E , i.e. the maximal subbundle on which Ψ E is zero. Our assumption implies that M and the quotient L := E/M are line bundles. Moreover, it follows from the fact that Ψ E is horizontal that M is invariant under the connection ∇. In other words, we obtain a short exact sequence of flat vector bundles
The p-curvature of the induced connections on M and L is zero, and the pcurvature of E can be regarded as a nonzero, horizontal homomorphism
In particular, for any vector field D we may regard Ψ E (D ⊗p ) as a horizontal section of M ⊗ L −1 . Now we compute the p-curvature in the marked points. Let t be a local parameter at the marked point x i , and set
Hence if E has a logarithmic singularity at x i with exponent α i then
In particular, Ψ xi = 0, so x i is not a spike. Moreover, since (E, ∇) is nilpotent, we have Ψ 2 xi = 0 and hence α i ∈ F p . Similarly, if E has a toric singularity at x i , with exponents α i , β i , then
As before, nilpotence implies α i , β i ∈ F × p . In particular, x i is a spike. Since the subbundle M is invariant under ∇, the monodromy operator µ i fixes the line M| xi ⊂ E| xi . Therefore, M and L have regular singularities at x i . In case x i is toric, the local exponents of M and L at x i are α i and β i (or vice versa). In the rest of this paper, we suppose that α i is the local exponent of M at x i . Proposition 3.2 Suppose that (E, ∇) is active and nilpotent. Let x ∈ X be a closed point.
(i) If x = x i and ∇ has logarithmic monodromy at x, then n x = 0.
(ii) If x = x i and ∇ has toric monodromy at x, with exponents α i , β i , then x is a spike. The order n x of this spike satisfies
(iii) If x is not a marked point then n x ≡ 0 (mod p).
Proof: Suppose first that x = x i . If ∇ has logarithmic monodromy at x i , then n xi = 0 by the discussion preceeding Proposition 3.2. This proves (i). Suppose that ∇ has toric monodromy at x i . Then M ⊗ L −1 has a regular singularity with local exponent α i − β i . But it is well known that the order of vanishing of a horizontal section of a flat line bundle in a regular singular point is congruent to minus the local exponent in that point. Hence we have
The claim n xi ≡ 0 follows now from Proposition 2.2 (ii). This proves (ii). The proof of (iii) is similar.
2
If (E, ∇) is nilpotent and admissible, then the spikes are precisely the marked points where ∇ has toric monodromy.
3.3
We suppose, as before, that (E, ∇) is an indigenous bundle which is active and nilpotent. Since we are really only interested in the equivalence class of E (i.e. in the associated projective bundle P(E)), we may replace E by any equivalent bundle E ′ which is also active and nilpotent.
Definition 3.4
We say that (E, ∇) is normalized if there exists a horizontal and surjective homomorphism γ : E → O X .
We claim that for any indigenous bundle (E, ∇) which is active and nilpotent, there is an equivalent bundle (E ′ , ∇ ′ ) which is normalized. Moreover, (E ′ , ∇ ′ ) is unique, up to isomorphism. Indeed, let M ⊂ E be the kernel of the p-curvature and L := E/M the quotient. We set
−1 admits a nonzero rational horizontal section. Using this fact, it is easy to see that the p-curvature of E ′ is equal to the p-curvature of E (here we identify End(E) and End(E ′ ) in the obvious way). In particular, E ′ is active and nilpotent. By construction, O X is a quotient of E ′ . Hence E ′ is normalized. The uniqueness of E ′ follows from the fact that M is the only saturated line subbundle of E which is invariant under ∇.
From now on, we will assume that E is normalized. Moreover, we shall fix a surjective and horizontal morphism γ : E → O X . Note that γ is unique up to a multiplication by an element of k × . As before, M denotes the kernel of γ. We regard the p-curvature of E as a nonzero horizontal homomorphism
Let S = x n x · x be the divisor of zeros of Ψ E (with support in the spikes). Then Ψ E induces an isomorphism T (S) ∼ = M. We let δ : T (S) ֒→ E denote the composition of the last isomorphism multiplied by −1 with the canonical injection M ֒→ E. From now on, we identify T (S) with a subbundle of E via the injection δ. By construction, E sits in a short exact sequence of flat vector bundles
and the p-curvature of E is given by the formula
Here e is a section of E and D a vector field. Let e 1 be a rational section of the line subbundle F 1 E. We set u := γ(e 1 ) ∈ O X,x and e 0 := u −1 e 1 . By definition, e 0 is a rational section of F 1 E with γ(e 0 ) = 1. Note that these two properties characterize e 0 uniquely. In particular, e 0 is independent of the choice of e 1 . (However, e 0 does depend on the choice of γ.)
We call e 0 the canonical section of E.
Lemma 3.5 The canonical section e 0 has at most simple poles and no zeros. The marked points x i are regular points of e 0 .
Proof: Let x ∈ X be a closed point and t a local parameter at x. We set D := t∂/∂t or D := ∂/∂t, depending on whether x is marked or not. We may assume that the section e 1 is a generator of F 1 E at x. Then u = γ(e 1 ) is an element of the local ring O X,x . We have to show that u has at most a simple zero, and is invertible if x is a marked point.
Let e 2 := ∇(D)(e 1 ). Since the Kodaira-Spencer morphism is nonzero at x, (e 1 , e 2 ) is an O X,x -basis for the stalk of F at x. Moreover, we have γ(e 2 ) = D(u). Let e 3 be any element of E x with γ(e 3 ) = 1 and write e 3 = q 1 e 1 + q 2 e 2 , with q 1 , q 2 ∈ O X,x . Applying γ to to this equality we get
Suppose that x is not marked. Then D = ∂/∂t and ord x D(u) ≥ ord x u − 1. We conclude that ord x (u) ∈ {0, 1}. On the other hand, if x = x i is a marked point, then D = t∂/∂t and ord
The points where the canonical section e 0 has a simple pole are called the supersingular points of (E, ∇).
Relation with deformation data
4.1
We start this section by recalling the notion of a deformation datum. These objects arise in the study of the Galois covers of curves with bad reduction to characteristic p, see [9] and [10] .
Definition 4.1 A deformation datum on X is a pair (Z, ω), where Z → X is a finite, at most tamely ramified Galois cover π : Z → X of smooth connected curves, and ω is a rational section of Ω Z/k . In addition, we require that the following holds.
(i) Let H be the Galois group of Z → X. For each σ ∈ H we have σ * ω = χ(σ) · ω, where χ : H ֒→ F * p is an injective character.
(ii) The differential ω is logarithmic, i.e. of the form du/u.
Two deformation data (Z, ω) and (Z ′ , ω ′ ) are called equivalent if there exists an isomorphism of X-schemes ϕ :
For each closed point x ∈ X we define the following invariants:
Here z ∈ Z is any point above x and H z ⊂ H denotes the stabilizer of z. (i) For all x ∈ X, m x divides p−1. Moreover, h x and m x are relatively prime.
(ii) If h x = 0 then gcd(p, h x ) = 1.
(iii) For all but finitely many points x ∈ X we have σ x = 1.
(iv) We have
4.2
Let us fix a deformation datum (Z, ω) on X. A point x ∈ X is said to be a supersingular point for (Z, ω) if σ x = (p + 1)/(p − 1). Also, x ∈ X is said to be singular if it is not a supersingular point and σ x ≡ 1 (mod p). The last condition makes sense by Remark 4.2 (i). Moreover, there are only finitely many supersingular and singular points, by Remark 4.2 (iii).
Let x 1 , . . . , x r be the singular points for (Z, ω). To ease the notation, we set σ i := σ xi . Remark 4.2 implies that
If 2g − 2 + r = 0 we say that the deformation datum (Z, ω) is trivial. We shall always assume, without further notice, that (Z, ω) is nontrivial. We now associate to (Z, ω) an indigenous bundle (E, ∇) on (X; x i ) which is active, nilpotent and normalized. To begin, we define for each point x ∈ X (4)
otherwise.
Note that n x is a nonnegative integer and is zero for all but finitely many points x. Moreover, n x ≡ 0 (mod p) if x is not singular. We set S := x n x · x. Choose a rational function t on X with dt = 0 and set D := ∂/∂t. Then we can write ω = z dt, where z is a function on Z satisfying an equation of the form z p−1 = v −1 and v is a rational function on X. A straightforward calculation shows that
We set
. Using (5) and the definition of n x , one shows that φ 0 , considered as a rational section of the line bundle
, has at most double poles and no zeros. The points where φ 0 has a double pole are precisely the supersingular points. Clearly, φ 0 depends only on the equivalence class of the deformation datum (Z, ω).
By a well known lemma, the fact that ω is logarithmic is equivalent to the equality
Let U 0 ⊂ X denote the complement of the set of supersingular points. On U 0 , we define a flat vector bundle E| U0 of rank two as follows:
The connection ∇ is defined by the matrix equation
with respect to the generic basis e = (D ⊗p , e 0 ) of E| U0 . One easily checks that ∇ has regular singularities in the marked points and that the definition of (E| U0 , ∇) depends only on φ 0 and not on the choice of the function t. It follows from (6) that the p-curvature is given by the rule
Here γ| U0 : E| U0 → O U0 is projection onto the second factor (the coefficient of e 0 ) and e is a rational section of E| U0 .
Lemma 4.3
The bundle (E| U0 , ∇) extends to an indigenous bundle (E, ∇) on X. This extension is unique if we require that the section e 0 lies in the Hodge filtration F 1 E and that the projection γ| U0 extends to an epimorphism γ : E → O X .
Proof:
we may assume that w has a simple pole. Set e 1 := e 0 − w · D ⊗p . We extend the bundle E| U0 into the point x in such a way that the pair e ′ := (D ⊗p , e 1 ) is an O X,x -basis of the stalk E x . In terms of this basis, the connection ∇ is given by the matrix equation
We see that ∇ is regular in x. It is also clear that γ extends to an epimorphism in the point x. This finishes the definition of the flat bundle (E, ∇). We now show that (E, ∇) is indigenous. We define the subbundle F 1 E as the maximal subbundle of rank one which has e 0 as rational section. On U 0 , the Kodaira-Spencer map
sends e 0 to φ 0 . Since φ 0 has no zeros on U 0 , κ is an isomorphism on U 0 . Let x be a supersingular point. Using the notation of the preceeding paragraph, the stalk F 1 E x is generated by e ′ 0 := w −1 e 0 . Also, the pair (e ′ 0 , e 1 ) is a basis for the stalk E x . A short computation gives:
Recall that v has a pole of order 2 and w a simple pole in x. Therefore, the coefficient of e 1 in (7) has order 0 in x. This means that the Kodaira-Spencer map does not vanish in x. We have shown that (E, ∇) is indigenous. It is also clear that the extension we have defined is unique, under the condition that it is indigenous, with e 0 lying in the Hodge filtration, and such that γ| U0 extends to an epimorphism γ : E → O X . This concludes the proof of the lemma. 2
Summarizing the construction above, we have associated to a deformation datum (Z, ω) an indigenous bundle (E, ∇). By construction, (E, ∇) is active, nilpotent and normalized. The singularities of E are precisely the singular points x 1 , . . . , x r of (Z, ω).
4.3
We now reverse the construction of the last subsection. Let (E, ∇) be an indigenous vector bundle on X with regular singularities in the points x 1 , . . . , x r . Suppose that (E, ∇) is active, nilpotent and normalized ( §3.3).
Lemma 4.4
There exists a deformation datum (Z, ω) with singular points x 1 , . . . , x r such that the indigenous bundle associated to (Z, ω) by the construction of §4.2 is isomorphic to (E, ∇). Moreover, (Z, ω) is unique up to equivalence.
Proof: Choose a horizontal and surjective homomorphism γ : E → O X and identify the kernel of γ with the line bundle T (S), where S = x n x · x is the zero divisor of the p-curvature. Let e 0 be the canonical section of E (which depends on the choice of γ). See §3.3 for details. Set
Since γ(e 0 ) = 1, by definition, it follows that γ(∇(D)e 0 ) = ∇(D)γ(e 0 ) = 0. Therefore φ 0 is a rational section of the bundle T (S)⊗Ω
It is easy to check that φ 0 does not depend on the choice of γ.
Let t be a rational function on X with dt = 0 and write φ 0 = v (dt) ⊗(1−p) . Let Z be a connected component of the nonsingular projective curve with generic equation
Set ω := z dt. One checks that the equivalence class of the pair (Z, ω) does not depend on the choice of the function t (the notion of equivalence we use is that of Definition 4.1). We claim that the pair (Z, ω) is a deformation datum. Indeed, by definition, the pair (Z, ω) satisfies (i) of Definition 4.1. Therefore it suffices to show that ω is logarithmic. Let D := ∂/∂t. Then D p = 0. By the definition of φ 0 , we have
Recall that we have chosen e 0 such that γ(e 0 ) = 1. Therefore, (2) and (8) put together give
As we have already remarked in the proof of Lemma 4.3, the differential ω = v −1/(p−1) dt is logarithmic if and only if D p−1 (v) = −1. This proves the claim that (Z, ω) is a deformation datum.
Let (E ′ , ∇ ′ ) be the indigenous bundle associated to the deformation datum (Z, ω), by the construction of §4.2. It is clear that the restriction of E and of E ′ to the complement U 0 of the supersingular points are isomorphic. Therefore, it follows from the uniqueness part of Lemma 4.3 that E and E ′ are isomorphic. This finishes the proof of the lemma.
We can summarize the results of this section as follows.
Theorem 4.5 The construction of §4.2 establishes a bijection between the set of equivalence classes of indigenous bundles on X which are active and nilpotent and the set of equivalence classes of deformation data. Suppose that the deformation datum (Z, ω) corresponds to the indigenous bundle (E, ∇). Then the set of singular (resp. supersingular) points of (Z, ω) is equal to the set of singular (resp. supersingular) points of (E, ∇).
Explicit construction of deformation data
In this section we suppose that X = P 1 k . We are interested in constructing special deformation data via their associated indigenous bundles. It turns out that on P 1 it is more practical to replace indigenous bundles by their associated differential equation. The quest for special deformation data then becomes a variant of Dwork's accessary parameter problem.
5.1
Let t denote the standard parameter on
Let r ≥ 3 and x 1 , . . . , x r ∈ X pairwise distinct closed points. We assume that x r = ∞. Set U 0 := X − {∞} = A 1 k and U := X − {x 1 , . . . , x r }.
Let (E, ∇) be an indigenous bundle on (X; x i ) which is active and nilpotent. We assume that (E, ∇) is normalized and choose a horizontal and surjective morphism γ : E → O X ( §3.3). We let α i ∈ F p denote the local exponent at x i of the flat subbundle Ker(γ) ⊂ E. Then the local exponents at x i of (E, ∇) are (α i , 0). Denote by d ≥ 0 the number of supersingular points of (E, ∇) ( §3.3).
The Hodge filtration F 1 E ⊂ E is a line subbundle of E. Let e 1 be an everywhere invertible section of F 1 E on U 0 ; it is unique up to multiplication with a constant in k × . Set e 2 := ∇(D)(e 1 ). It follows from Definition 2.1 (i) that e := (e 1 , e 2 ) forms a basis of E on U . Hence we may write ∇(D)(e 2 ) = −p 2 e 1 − p 1 e 2 , or
where p 1 , p 2 are rational functions which are regular on U . The differential operator associated to (E, ∇) is the second order operator
Remark 5.1 For some authors L(u) = 0 is the differential equation associated to the dual of the bundle (E, ∇).
The following properties of the operator L follow directly from the corresponding properties of (E, ∇);
• L has regular singularities in the marked points x i ,
• the local exponents at x i = ∞ are (α i , 0) (the same as those of (E, ∇)),
• L has nilpotent and non-vanishing p-curvature. (ii) The local exponents of L at x r = ∞ are (−d + α r , −d).
Proof: It follows from the choice of e 1 that u := γ(e 1 ) is a polynomial that does not vanish at the marked points. A simple computation shows that L(u) = 0. This proves the first assertion of (i). The remaining assertions of (i) are clear. See also the proof of Lemma 3.5. Now (ii) follows from (i).
u be a second order differential operator on X with regular singularities in the marked points. Suppose that L has nilpotent and nonvanishing p-curvature. Suppose, moreover, that L(u) = 0 has a polynomial solution which does not vanish at the marked points. Then L is associated to a normalized indigenous bundle (E, ∇).
Proof: Let L and u be as in the statement of the proposition. We define the bundle (E, ∇) to which L is associated as follows. On U 0 we let E be the trivial bundle with basis e 1 , e 2 and with the connection ∇ defined by (9) . The morphism γ : E → O X is defined (on U 0 ) by the rule ae 1 + be 2 → au. It remains to show that we can extend the datum (E, ∇, γ) to a normalized indigenous bundle on X such that e 1 lies in F 1 E. We have only one choice. Let e 0 := u −1 e 1 be the canonical section ( §3.3). It belongs to F 1 E and should be invertible at ∞. We take the pair (e 0 , ∇(td/dt)(e 0 )) as a basis of E in a neighborhood of
The above discussion can be summarized by saying that on P 1 normalized indigenous bundles correspond one-to-one to differential operators L which satisfy the conditions of Proposition 5.3. From now on, we will only work with the latter.
5.2
A general differential operator L of degree two with regular singularities at the marked points and local exponents (α i , 0) at
(t − x i ) for constants β 0 , . . . , β r−4 . The constants β j are called the accessary parameters. Dwork's accessary parameter problem is to find values for (β j ) such that the operator L has nilpotent curvature. We are interested in those L which satisfy the stronger conditions of Proposition 5.3 above. Namely, the p-curvature of L should be nilpotent and nonvanishing and L(u) = 0 should have a polynomial solution of a given degree d which does not vanish at the marked points.
Let (x i ; β j ) be an admissible solution of the strong accessary parameter problem. Let L be the differential operator and (E, ∇) the (normalized) indigenous bundle corresponding to (β j ). Let u be the polynomial solution of L(u) = 0 of degree d. According to Theorem 4.5, (E, ∇) gives rise to a deformation datum (Z, ω). The following proposition shows that we can write down (Z, ω) very explicitly in terms of the solution u. For i = 1, . . . , r, we let n i be the order of the p-curvature Ψ E at x i . Proposition 3.2 implies that n i ≡ −α i mod p, since E is normalized. Let a i be the unique integer such that 0 ≤ a i < p − 1 and a i ≡ n i mod p − 1, and put
, where Z ′ → X is the tamely ramified cyclic cover with generic equation
Proof: At every point x ∈ X we have the invariant σ x = h x /m x attached to the deformation datum (Z, ω). We have seen in §4 that σ x = (p + 1)/(p − 1) if and only if x is a supersingular point. By Proposition 5.2, this means that x is a zero of the polynomial u. At the singular points x i we have
with a i and ν i as defined before the statement of the proposition. Finally, the condition that (E, ∇) is admissible implies that σ x = 1 if x is neither a singular nor a supersingular point. It is now easy to see that the cyclic cover Z → X can be identified with the cover Z ′ → X defined in the statement of the proposition. Moreover, the differential ω is equal to ω ′ for some constant ǫ ∈ k × , because these two differentials define the same divisor on Z = Z ′ . The proposition is proved.
Given an admissible deformation datum (Z, ω), the tuple (σ 1 , . . . , σ r ) is called the signature of (Z, ω). It determines the number d of supersingular points, by (3):
The proof of Proposition 5.5 shows that (Z, ω) is essentially determined by its signature and the position of the singular and the supersingular points. Therefore, in order to construct an admissible deformation datum with given signature, one has to determine the position of the singular points x i and the polynomial u of degree d (whose zeroes are the supersingular points) such that the differential ω ′ defined in Proposition 5.5 is logarithmic. Modulo the automorphisms of X = P 1 , this conditions gives rise to 2 + d equations in r + d − 3 variables.
On the other hand, by Proposition 5.5 the deformation datum (Z, ω) corresponds to a solution of the strong accessory parameter problem. This problem corresponds to 2(r − 3) equations in 2(r − 3) variables. So if d is large compared to r, this gives a much better method to construct deformation data. This is particularly striking for r = 3: 
Note that for a 1 = a 2 = a 3 = 0 this is the example discussed in the introduction, giving rise to the Hasse polynomial and the Gauss hypergeometric equation.
5.3
Let (Z, ω) be an admissible deformation datum on X = P 1 , with singular points x 1 , . . . , x r and signature (σ 1 , . . . , σ r ). Write σ i = ν i + a i /(p − 1) with ν i ≥ 0 and 0 ≤ a i < p − 1. For instance, if r = 3 then (Z, ω) is automatically special. See Example 5.6 above. Special deformation data naturally arise in the study of the reduction of three point covers, see [10] and the introduction. It is shown in [11] that special deformation data are rigid, i.e. there are no nonconstant families of such objects. In terms of the strong accessary parameter problem, this means that they correspond to isolated points in the space of all solutions. The condition ν i = 1 for some i amounts to requiring that the p-curvature Ψ E of E (or equivalently, the p-curvature corresponding to the differential operator L associated to E) has a zero of order n i with p ≤ n i < 2p. Recall that the value of n i modulo p is determined by the local exponents at x i . In Lemma 5.8 we show that the condition on the order of the p-curvature at x i is equivalent to the condition that the residue at x i of a solution to the Wronskian equation is zero.
5.4
In the rest of this section, we consider the problem of constructing special deformation data with four singular points. For this, we may assume that the singular points are x 4 = 0, x 1 = 1, x 2 = λ, x 3 = ∞, for a variable λ, and that ν 1 = ν 2 = ν 3 = 0 and ν 4 = 1. We also may assume that a 1 + a 2 + a 3 + a 4 is even and less than or equal to p − 1. We set d :
The general second order differential equation with regular singularities in 0, 1, λ, ∞ with exponents
where
and β is the accessary parameter. We know that if (Z, ω) is a deformation datum with singular points 0, 1, λ, ∞ and signature σ :
is the polynomial of degree d whose zeros are the supersingular points then u is a solution of L(u) = 0. Moreover, we have:
Then Res t=0 (w) = 0.
Proof: We may assume that ω = F dt, where
The fact that ω is logarithmic is equivalent to the equation
This is, in turn, equivalent to
The lemma follows immediately. 2
In addition to the equation L(u) = 0, the lemma gives a further necessary condition for (Z, ω) to be a deformation datum. Both conditions together are actually sufficient, as the following proposition shows.
Proposition 5.9 Suppose given 0 < a 1 , a 2 , a 3 , a 4 < p − 1 with a 1 + a 2 + a 3 + a 4 even and a 4 = 1.
Let Z → X be the cyclic cover with generic equation
and set ω := ǫ z dt (t − 1)(t − λ) .
Then for a suitable choice of ǫ ∈ k × , (Z, ω) is a special deformation datum.
be a solution of L(u) = 0 as in the statement of the proposition. From the assumption that L(u) = 0, we obtain a recursion for the coefficients u i of u. One checks that
Suppose that u(0) = 0, and let i 0 ≥ 0 minimal such that u i0 = 0. It follows easily from (15) that i 0 is equivalent modulo p to 0 or α 4 = 1 − a 4 . Since the degree of u is less than or equal to d = (p − 1 − a 1 − a 2 − a 3 − a 4 )/2, we conclude that i 0 = p+ 1 − a 4 . Since i 0 ≤ d, we conclude that a 4 ≥ p+ 3 + a 1 + a 2 + a 3 > p. But this contradicts the choice of a 4 . Therefore u(0) = 0. Similarly, one deduces that u(1)u(λ) = 0 and deg(u) = d.
We conclude that u corresponds to a deformation datum (Proposition 5.3). It remains to show that ν 4 = 1. This is a special case of [2] , Proposition 3.2.2. The argument is roughly the following. As in the proof of Lemma 5.8, one has to show that
The left hand side is a pth power of a rational function with simple poles in the points x such that Res t=x (1/Qu 2 ) = 0. By assumption, Res t=0 (1/Qu 2 ) = 0. Moreover, using the fact that L(u) = 0 one shows that Res t=x (1/Qu 2 ) = 0 for every zero x of u. Therefore, the left hand side of (16) has poles at most in t = 0 and t = λ. Comparing degrees on both sides, the validity of (16) follows easily.
The conditions on the differential equation L(u) = 0 occurring in Proposition 5.9 yield two equations in the variables λ and β. The solutions of these equations correspond to special deformation data with given signature. By the results of [11] , §5, all solutions are isolated points of multiplicity one.
5.5
In this section, we illustrate Proposition 5.9 in a concrete case. Let p ≥ 7 and (a 1 , a 2 , a 3 , a 4 ) = (0, 0, 1, 3). Put d = (p − 5)/2. We use the assumptions and notations of §5.4, in particular, we suppose that x 4 = 0, x 1 = 1, x 2 = λ, x 3 = ∞ and ν 1 = ν 2 = ν 3 = 0 and ν 4 = 1.
We start by describing the equations F, G ∈ F p [λ, β] whose zero locus corresponds to the set of deformation data with signature (0, 0, 1/(p − 1), (p + 2)/(p − 1)). Set u = i≥0 u i t i , with u 0 = 1. In the proof of Proposition 5.9, we gave a recursion (15) for the coefficients u i of u. The recursion (15) for the u i implies that u = 1 − β 3λ t + β 2 − 4(1 + λ)β − 6 24λ 2 t 2 + higher order terms.
We replace u by 24λ 2 u and define G to be the numerator of the residue at t = 0 of w, i.e. G = 576λ 2 + (480β + 576)λ + 864 + 60β 2 + 480β. The problem is now to show that for every p ≥ 7 there exist solutions (λ, β) ∈F 2 p of F = G = 0 such that the critical points (0, 1, ∞, λ, τ i ) are pairwise distinct. Here (τ i ) are the zeros of u. Similar to the argument given in the proof of Proposition 5.9, it follows that if the critical points (0, 1, ∞, λ, τ i ) are not pairwise distinct then λ ∈ {0, 1, ∞}. Table 1 gives a list of the degree of the total solution space and the degree of the good solutions as function of p. We already remarked that all good solutions have multiplicity one. The progression of the good degree strongly suggests that there are deformation data for all p ≥ 7.
We finish the paper with another example. Let p ≥ 11 and (a 1 , a 2 , a 3 , a 4 ) = (0, 0, p − 8, 3). We have that d = (p − 1 − a 1 − a 2 − a 3 − a 4 )/2 = 2. We compute equations F, G ∈ F p [λ, β] for the locus of deformation data, as above. One finds that F = 40βλ 2 + (80β + 14β 2 + 360)λ + 132β + 14β 2 + 360 + β 3 , G = −4βλ 3 + (3β 2 − 12β − 24)λ 2 + (12 − 8β)λ + 12.
As in the previous example, the bad solutions satisfy λ = 0, 1. Using p ≥ 11, one shows that there are no trivial solutions in this case. We conclude that for all p ≥ 11 there exist special deformation data with signature (0, 0, (p − 8)/(p − 1), (p + 2)/(p − 1)).
